Introduction {#Sec1}
============

Magic numbers and formulas for nanoclusters have a long history dating to the prescient publication by van Hardeveld and Hartog in 1969 \[[@CR1]\]. Their insights predated the nanoscience era. Since then, we have seen magic numbers appear in 2D polygons and 3D polyhedra \[[@CR2]\], carbon fullerenes \[[@CR3]\], and in a limited scope again in clusters \[[@CR4]\]. Such diverse materials such as silicon \[[@CR5]\], boron \[[@CR6]\], and in fact over 1000 publications from the indexing service "Web of Science" refer to magic numbers in clusters. The study of the size and shape of nanoclusters is important to today's society, since this determines not only the intrinsic physical and chemical properties, but also the relevance for optical, catalytic, electronic, and magnetic applications \[[@CR7]\]. Our aim is to update the database of this knowledge with current relationships and data, now that we have entered the nano realm.

The occurrence of magic numbers in nanoclusters has to do primarily with the formation of shells of atoms upon a fundamental cell. When the number of atoms completes a full shell, we find a unique set of numbers, termed "magic," that defines the shells of atoms. A cluster is represented by a graph with the atoms as vertices and the bonds as edges. It consists of nested shells like layers of an onion. We define the numbers of layers as *n* and discover the mathematical relationships of nearest neighbor coordination numbers, bonds, the total number of atoms, and some topological indices as a function of *n*. The original paper by van Hardeveld and Hartog \[[@CR1]\] considered fcc, bcc, and hcp clusters. The reference by Teo and Sloane \[[@CR2]\] considers polyhedra and Platonic solids but neglects the relationship of nearest neighbor coordination numbers. We add to this database by looking at simple cubic, diamond cubic, and the Platonic solids, in addition to the topological properties and dispersion of the clusters.

The transition in size from bulk to clusters of a few atoms is really about the relationship of the surface atoms as compared to bulk atoms. Properties such as catalytic chemistry, surface plasmon resonance, and optical quantum dot photoluminescence \[[@CR8]\] are affected by the coordination and number of surface atoms. The dispersion or relative percentage of surface atoms is determined by the ratio of surface atoms to the total number of atoms, as has been considered previously \[[@CR9]\]. Our analysis will determine the relative ranking of the dispersion in terms of cluster geometry.

Topological indices started with Wiener's original paper regarding his index and the boiling points of paraffin \[[@CR10]\]. It was not until some time later that Hosoya introduced a mathematical formalism to analyze topological indices \[[@CR11]\]. We have previously introduced topological indices and nanoclusters \[[@CR12]\]. At this writing, there exist many indices, some of which depend on the adjacency or distance matrix. We show here that in many of the cluster shapes, magic mathematical relationships exist for the four indices as a function of *n* and the number of shells.

Methods {#Sec2}
=======

For each of the types of clusters we study, we create a computational algorithm which determines the atomic coordinates of the clusters. We then proceed to create an adjacency matrix and a distance matrix defined as follows. An adjacency matrix **A** is created where we define *i* and *j* as nearest neighbors and separate them from the rest by requiring that *r*~*ij*~\<*r*~*c*~, where *r*~*c*~ is a threshold value, slightly above the nearest neighbor distance, but less than the second neighbor distance. Thus, $$\documentclass[12pt]{minimal}
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where *r*~*ij*~ is the Euclidean distance between atom *i* and atom *j*. An appropriate value for *r*~*c*~ is 1.32·*r*~*min*~, where *r*~*min*~ is the smallest bond length. This applies to the dodecahedral structure, as well as the others we study. The coordination numbers of the cluster are simply the number of non-zero elements in a column of the adjacency matrix. The distance matrix is defined as $$\documentclass[12pt]{minimal}
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where *d*~*ij*~ is the length of the shortest path in the graph from *i* to *j*. An efficient algorithm for the calculation of the distance matrix from the adjacency matrix exists \[[@CR13]\]. Using these definitions, we can calculate the Wiener index, *W*(*G*), the hyper-Wiener index, *WW*(*G*), the reverse Wiener index *rW*(*G*), and the Szeged index, *Sz*(*G*), as previously detailed \[[@CR14]\]. These calculations use the the same algorithm that we have previously used for topological indices and nanoclusters \[[@CR12]\].

Previous authors have offered proofs of magic relationships, which we condense in our notation, relevant for the work presented here \[[@CR1], [@CR2]\]. Since we create nearest neighbor adjacency matrices, we know the coordination number *cn*~*i*~ of vertex *i* by summing the elements of **A**(*i*,:). Our structure consists of *n*+1 shells numbered 0,1,...,*n*. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\phantom {\dot {i}\!}N_{{cn}_{i}}(n)$\end{document}$ be the number of atoms with coordination *cn*~*i*~ where 1≤*cn*~*i*~≤*cn*~*M*~ with *cn*~*M*~ the maximal coordination in the cluster. Then the total number of atoms in the cluster is given by $$\documentclass[12pt]{minimal}
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The surface atoms in the outer shell *n* have a set of bondings less than the bulk coordination. Thus the maximal coordination for surface atoms is *cn*~*s*~\<*cn*~*M*~, and the number of surface atoms is $$\documentclass[12pt]{minimal}
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This holds if all the non-surface vertices have coordination larger than *cn*~*s*~, which is true for all clusters, but note the discrepancy for the dodecahedra below. We determine the $\documentclass[12pt]{minimal}
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where *N*~*B*~(*n*) is the number of bonds and *cn*~*M*~ is the maximum coordination. The factor of 1/2 comes about because of the pairwise nearest neighbor bonding. This magic relationship appears not to have been considered in previous publications, with the exception of a few clusters examined in \[[@CR4]\]. We also comment that Teo and Sloane have derived the total number of atoms, surface atoms, and interior atoms for clusters as follows \[[@CR2]\]: $$\documentclass[12pt]{minimal}
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where *N*~*T*~(*n*) is the total number of atoms, and $$\documentclass[12pt]{minimal}
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where *C* is the number of tetrahedral cells into which the polyhedron is divided, and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$ \beta = 1/2F_{s}   $$ \end{document}$$

where *F*~*s*~ is the number of triangular faces on the surface, and $$\documentclass[12pt]{minimal}
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where *V*~*i*~ is the number of vertices in the interior. They also show that $$\documentclass[12pt]{minimal}
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where *N*~*I*~(*n*) is the number of interior atoms. This information (Eq. ([11](#Equ11){ref-type=""})) is contained in the adjacency matrix, as well as Eqs. ([3](#Equ3){ref-type=""}, [4](#Equ4){ref-type=""}, [5](#Equ5){ref-type=""}). These equations are a check of the results from the adjacency matrix data. For centered polyhedra, we also have $$\documentclass[12pt]{minimal}
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and from Eq. ([11](#Equ11){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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From these equations, we can derive the magic formulas for each of the clusters as follows. After computing the topological (0,1)-adjacency matrix **A** for a cluster with *n* shells as described, we know that its size *N*=*N*~*T*~(*n*) indicates the total number of atoms. The sum of the entries in column *i* gives the number of bonds *cn*~*i*~(*n*) for atom *i* and counting the the number of column sums equal to *cn*~*i*~(*n*) gives obviously $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The dispersion (fraction exposed, FE) of the surface atoms is defined as: $$\documentclass[12pt]{minimal}
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where *N*~*S*~ is the number of surface atoms, and *N*~*T*~ is the total number of atoms \[[@CR9]\]. We can compare dissimilar clusters by defining the relative cluster size as: $$\documentclass[12pt]{minimal}
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where *d*~*at*~ is the covalent atomic diameter, *V*~*u*~ is the volume of the unit cell, and *n*~*u*~ is the number of atoms in the unit cell. The crystal structure constant *b* equals 1.105 for fcc and hcp clusters, 1.137 for bcc clusters \[[@CR1]\], 1.488 for simple cubic clusters, and 1.517 for diamond cubic clusters. As is shown above, the formula for FE is a ratio of a quadratic to a cubic for the clusters and can be modeled by a power law curve fit versus *d*~*rel*~. The variable *d*~*rel*~ allows us to compare different clusters to one another without regard to the crystal structure. For some of the Platonic clusters, where there is no crystal unit cell, we use $\documentclass[12pt]{minimal}
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Results and Discussion {#Sec3}
======================

The study of the size and shape of metal nanoclusters has evolved since its infancy two decades ago. Table [20](#Tab20){ref-type="table"} shows some relevant progress as of 2018. Table 20Shape-dependent synthesis for nanoclusters circa 2018![](11671_2019_2939_Figt_HTML.gif){#d29e7574}

In the Table, we list primarily transition metals, not alloys or compounds, with the exception of the truncated hexagonal bipyramid, where only Fe~2~O~3~ was found. There has been more synthesis of gold clusters than any other element, due to its properties and stability. In the subsections which follow, we limit our discussion to specific topics related to magic formulas and types of clusters.

FCC Clusters {#Sec4}
------------

Eight of the transition metals crystallize in the fcc structure, see Table [21](#Tab21){ref-type="table"} below, including the plasmonic noble metals and important catalytically active elements. The vast majority of nanocluster synthesis has been with these elements. References of the synthesis of the fcc elements with various shapes and sizes is given in Table [21](#Tab21){ref-type="table"}. Table 21Structure of the transition metals \[[@CR15]\]ScTiVCrMnFeCoNiCuZnhcphcpbccbcccubicbcchcpfcc \[[@CR16]\]fcc \[[@CR17]\]hcpYZrNbMoTcRuRhPdAgCdhcphcpbccbcchcphcpfcc \[[@CR18]\]fcc \[[@CR19]\]fcc \[[@CR20]\]hcpLaHfTaWReOsIrPtAuHghexhcpbccbcchcphcpfcc \[[@CR21]\]fcc \[[@CR22]\]fcc \[[@CR23]\]rhomb

Alloys of these elements are also of interest, but references of these are too numerous to be cited here. Frequently, the common shapes synthesized are cubes, octahedra, cuboctahedra, and icosahedra. Typically, clusters with (111) facets are easier to synthesize, since the (111) surface usually has a lower energy than the (100) surface \[[@CR7]\]. We find for the fcc rhombic dodecahedron that there exist even and odd formulas. These agree with those in \[[@CR1]\], if one replaces the "*n*" in our even formulas by 2(*m*−1). The formulas for fcc cuboctahedra listed in \[[@CR24]\] produce the same magic numbers as ours but are shifted by 1 since they number shells as *n*=1,2,... and we use the numbering *n*=0,1,.... Our magic formulas agree with those in \[[@CR2], [@CR4]\], and in deference to the earlier published work, and in maintaining continuity of the mathematics, we use the \[[@CR2], [@CR4]\] notation. The 5 fcc cluster shapes and their associated magic formulas appear below.

BCC Clusters {#Sec5}
------------

Seven of the transition metals in the periodic table have the bcc structure, see Table [21](#Tab21){ref-type="table"}. Of the magnetic elements Fe, Co, and Ni, only iron is bcc. Nanocubes of iron appear to be the only bcc cluster shape synthesized so far \[[@CR25]\]. Although the bulk structure of iron is bcc, fcc nanoclusters have been synthesized \[[@CR26]\]. This reference also analyzes the thermodynamic stability of the clusters. Here we present 5 bcc cluster shapes and their associated magic formulas.

HCP Clusters {#Sec6}
------------

Twelve transition metals have the hcp structure, see Table [21](#Tab21){ref-type="table"}. However, many of these oxidize, or lack compelling scientific interest to be synthesized. With regard to the hexagonal bipyramidal cluster shape in Table [11](#Tab11){ref-type="table"}, gold clusters have been synthesized \[[@CR27]\]. The related truncated hexagonal bipyramid seems only to have been formed by *α*−Fe~2~O~3~ \[[@CR28]\].

Platonic Clusters {#Sec7}
-----------------

The Platonic solids have been known since the ancient Greeks. They include the cube, tetrahedron, octahedron, icosahedron, and dodecahedron. In previous tables, we have listed magic formulas for fcc and bcc cubes and octahedra. Here we list the formulas for the icosahedron, dodecahedron, tetrahedron, and body-centered tetrahedron. As previously mentioned in the "[Methods](#Sec2){ref-type="sec"}" section, the dodecahedron is unique for the clusters analyzed here, in that *cn*~*s*~=7 refers to both surface and bulk atoms. We showed in Fig. [1](#Fig1){ref-type="fig"}b that the outer shell contains both fivefold and sixfold coordinated atoms. When a shell becomes internal, those five- and sixfold coordinated atoms become seven- and eightfold coordinated with bonds to a shell on either side. Also, the sixfold coordinated outside shell atoms are sevenfold coordinated by bonding to the shell inside. Thus there are sevenfold surface and bulk coordinated atoms for the dodecahedron. Each shell in the structure has 12 fivefold shell atoms, which produce 12*n*−12 bulk sevenfold coordinated atoms. The rest of the sevenfold coordination are surface atoms.

Gold nanoclusters have been shown to take the Platonic shapes \[[@CR29]\]. This reference includes the cube, tetrahedron, octahedron, and icosahedron. Later, the golden dodecahedron nanocluster was also synthesized \[[@CR30]\]. Here, we show both the regular tetrahedron, which is "fcc-like" in that *c*~*M*~=12 as in fcc structures, and the body-centered tetrahedron in Table [16](#Tab16){ref-type="table"}, where the green atoms have single bonds. The Platonic magic formulas are presented below.

Diamond Cubic, Simple Cubic, and Decahedron Clusters {#Sec8}
----------------------------------------------------

The elements silicon and germanium have the diamond cubic lattice, as well as the diamond allotrope of carbon. In particular, hydrogen-terminated silicon has received recent interest. The (100) hydrogen-terminated surface, leading to cubic shapes in clusters, has been determined to have the lowest energy \[[@CR31]\]. The synthesis of Si-H nanocubes of 8−15 nm in size has been achieved \[[@CR32]\]. Table [17](#Tab17){ref-type="table"} shows a diagram of the hydrogen-terminated Si-H clusters, with single-bonded hydrogen atoms in green. If a nanocluster takes the diamond cubic shape, there will be single dangling bonds, which need to be passivated to help maintain the structure. Looking at the magic formulas, we suggest the composition of such Si-H clusters is $\documentclass[12pt]{minimal}
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                \begin{document}$\phantom {\dot {i}\!}\text {Si}_{8n^{3}+6n^{2}-9n+5}\text {H}_{12n-8}$\end{document}$, where *n* is the number of shells in the cluster. Such semiconductor quantum dots may be of interest for optical properties, and the variation in band-gap with the size of hydrogen-terminated clusters has been determined to be inversely proportional to the cluster size \[[@CR33]\].

The simple cubic lattice structure has previously been analyzed by others \[[@CR4]\], although without the detail we provide. We have previously studied the *d*-dimensional hypercube forms \[[@CR14]\]. Polonium is the only element which takes the simple cubic structure. It is radioactive, which may lead to specialized applications. Here we present the diamond cubic, simple cubic, and decahedral cluster magic formulas.

Magic Topological Formulas {#Sec9}
--------------------------

Measured structural complexity in crystals can give us an idea of the simplicity or complexity of the structure and the proper use can rank relevant structures. For such rankings, it is helpful to consider the graphical description of the crystal lattice, as mentioned in the "[Methods](#Sec2){ref-type="sec"}" section. The topological complexity for crystal structures is measured by the vertex-degree distribution of the graph, *I*~*vd*~ \[[@CR34]\], using the software ToposPro, version 5.3.2.2 \[[@CR35]\]: $$\documentclass[12pt]{minimal}
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                \begin{document} $$ I_{vd} = \sum_{i=1}^{v}a_{i} \cdot {\text{log}_{2}}\ {a_{i}}   $$ \end{document}$$

where *a*~*i*~ is the degree (coordination) of the *i*th vertex and summation proceeds along all *v* vertices, of the quotient graph. This parameter uses an infinite crystal as opposed to the clusters we have been considering, but is useful to measure the relative complexity of different crystal structures. Thus, the higher the number, or the more information content in the graph, the more complex it is. In Table [22](#Tab22){ref-type="table"}, we show values of *I*~*vd*~ obtained from ToposPro derived from cif files for crystal structures in the Crystallographic Open Database. Polonium is the only element that crystallizes in the simple cubic structure and the value is zero, i.e., the quotient graph has one vertex and zero edges, in agreement with what we expect, that the simple cubic structure is indeed the least complex structure. The salt, NaCl, is also shown, with two elements in the simple cubic structure, along with silicon in the diamond cubic, gold in fcc, iron in bcc, and cobalt in hcp structures. We mention that another complexity measure related to the Shannon entropy \[[@CR34]\] is not useful because this measure for all the elements is identically zero. Table 22Topological complexityStructure*I* ~*vd*~Po simple cubic0.000Si diamond cubic16.000NaCl31.020Au fcc43.020Fe bcc53.303Co hcp86.039

A similar method as described in the "[Methods](#Sec2){ref-type="sec"}" section to determine magic formulas can be applied for the magic formulas describing the topological indices. Only here, the degrees of the polynomials are 7, 8, or 9, so their values for at least 10 consecutive *n*-values need to be computed. Then an interpolation problem of a higher degree gives the result. Since solving a linear system of size 10×10 with the symbolic toolbox requires some time, all the coefficients for the topological indices can be computed simultaneously using multiple right-hand sides to get the coefficients of all the polynomials.

Magic formulas for the topological indices are detailed in Tables [23](#Tab23){ref-type="table"}, [24](#Tab24){ref-type="table"}, and [25](#Tab25){ref-type="table"}. The four indices we analyze depend only on *n*, the number of shells in the cluster. Looking at the results, the simple cubic lattice as the least complex structure, also has the "simplest" formulas. In spite of our efforts, we are unable to solve for the Szeged index of bcc cubes. No stable solution was found. In general, fcc structures are easier to solve for topological formulas. We were not able to solve any hcp structures and only a few bcc structures. This may be related to the topological complexity as the fcc lattice is simpler than the bcc or hcp, see Table [22](#Tab22){ref-type="table"}. Within the tables, we provide formulas for the cuboctahedron, icosahedron, and decahedron. We previously \[[@CR12]\] provided tables of numeric data for these indices, with the caveat that the cuboctahedron in \[[@CR12]\] had different magic numbers. Here we see that the tabulated data may be succinctly summarized as magic formulas. Also the degree of the polynomial of the index follows the rules from 3D space \[[@CR14]\]. Some topological indices for the Platonic solids have previously been published \[[@CR36]\]. From this reference, we verify the Wiener index for all five solids for *n*=1. The Wiener index for rows of unit cells of the fcc lattice has been studied \[[@CR37]\], but our results cannot be compared since we study clusters. Table 23Magic topological formulas for clustersSimple cubic Wiener64*n*^7^−16*n*^5^ Reverse Wiener128*n*^7^−96*n*^6^+16*n*^5^−24*n*^4^+12*n*^3^ HyperWiener$\documentclass[12pt]{minimal}
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Dispersion {#Sec10}
----------

The percentage of surface atoms (dispersion, FE) of the various clusters is presented in Fig. [2](#Fig2){ref-type="fig"}. Platinum nanoclusters are known to have catalytic activity with respect to the oxygen reduction reaction (ORR) which is size and shape dependent \[[@CR38]\]. This reference determined that platinum cuboctahedral clusters of 2.2 nm in size had maximal ORR activity. It is also known that for PtNi alloys the (111) surface is preferred for the ORR \[[@CR39]\]. We compare the icosahedral, octahedral, decahedral, and cuboctahedral clusters for FE at a *d*~*rel*~=7.5 for platinum at 2.2 nm. The icosahedral, octahedral, and decahedral clusters have surfaces with (111) faces. Using the power laws in Fig. [2](#Fig2){ref-type="fig"}, we find for the given *d*~*rel*~ that the FE for icosahedral clusters is 47.9%, for cuboctahedral 52.8%, and for decahedral 57.5% and that octahedral clusters have FE=58.9*%*. Thus, based on shape, the octahedral clusters have both the (111) surface and the highest value of FE for a similar size. Both the power law coefficient and exponent are relevant for the determination of FE for small *d*~*rel*~. The mathematical interpretation of the power law exponent gives the physical significance as the relationship of the ordinate, FE, to the abscissae, *d*~*rel*~, or the relative percent change of FE to the relative percent change of *d*~*rel*~. The power law coefficient is simply the value of FE when *d*~*rel*~=1. Fig. 2Dispersion FE for the nanoclusters

Another research group has synthesized platinum alloy icosahedral clusters and compared the activity with octahedral ones \[[@CR40]\]. These nanoclusters were about 13 nm in size or *N*=20,000 for octahedral clusters and *N*=15,000 for icosahedral clusters. This produces a *d*~*rel*~=30 for the octahedral clusters and 25 for the icosahedral ones. Using the relevant power laws, this gives FE=18.0*%* for the octahedral and 19.8% for the icosahedral clusters. There is very little difference in FE for this size of the cluster, but the icosahedral cluster has a significant amount of strain due to twinning, which may shift the d-band center, thus affecting the ORR results \[[@CR40]\]. However, given the size-dependent data of \[[@CR38]\], it may be suggested that smaller clusters would produce still higher ORR data. Indeed, 4 nm Pt~3~Ni octahedra, when doped with Mo, have produced record-high ORR results \[[@CR41]\].

Conclusions {#Sec11}
===========

We have studied 19 types of nanoclusters and some relevant magic formulas for the number of atoms, bonds, coordination numbers, and topological indices. These include the fcc, bcc, hcp, the Platonic solids, diamond cubic, simple cubic, and decahedral clusters. The majority of these results are more detailed than previously determined, and a large number are enumerated for the first time. A grand goal of materials-related research is the correlation of structure with properties. This detailed study of the magical relationships for nanoclusters is a step in that direction. An example is the discussion of the dispersion of surface atoms and its relationship to catalytic activity. It is our intention that these results will aid scientists in their studies of nanocluster structure and the associated properties.

bcc

:   body-centered cubic

cif

:   crystallographic information file

fcc

:   face-centered cubic

FE

:   Fraction Exposed, dispersion

hcp

:   hexagonal close packed

ORR

:   Oxidation reduction reaction

rW(G)

:   Reverse Wiener Index

Sz(G)

:   Szeged Index

W(G)

:   Wiener Index

WW(G)

:   Hyper-Wiener Index
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